The rational vertex operator algebra V 
Introduction
Characterizations of vertex operator algebras V G L 2 for root lattice L 2 of sl(2, C) and finite groups G = A 4 , S 4 , A 5 are the remaining part of classification of rational vertex operator algebras with c = 1 after the work of [23] , [41] , [12] - [14] . Using the structure and representation theory of V . That is, there is a primary vector of weight 9 and the weight of any primary vector which is not a multiple of 1 is greater than or equal to 9. Due to a recent result in [21] on the modularity of the q-characters of the irreducible modules for rational and C 2 -cofinite vertex operator algebras, we can use the classification of q-characters of rational vertex operator algebras with c = 1 from [32] to conclude that the q-character of such a vertex operator algebra and that of V Two basic facts are used in the characterization. The first one is that both V A 4 L 2 and an abstract vertex operator algebra V satisfying the required conditions have the same decomposition as modules for the Virasoro algebra. This allows us to use the fusion rules for the irreducible modules for the Virasoro vertex operator algebra L(1, 0) obtained in [12] and [35] to understand the structure of both vertex operator algebras in terms of generators. The other one is that V A 4 L 2 is generated by a weight 9 primary vector x 1 and has a spanning set in terms Virasoro algebra, the component operators of x 1 and the 1 Supported bf NSF grants 2 Supported by China NSF grants 10931006,11371245, the RFDP of China(20100073110052), and the Innovation Program of Shanghai Municipal Education Commission (11ZZ18) component operators of y 1 which is a primary vector of weight 16. From the q-characters we know that V also has primary vectors x 2 , y 2 of weights 9, 16, respectively. The main task is to show how the vertex operator algebra V has a similar spanning set with x 1 , y 1 being replaced by x 2 , y 2 . The fusion rules for the vertex operator algebra L(1, 0) play a crucial role here.
We certainly expect that the ideas and methods presented in this paper can also be used to characterize vertex operator algebras V
have not been understood well. It seems that knowing the generators of V G L 2 and a spanning set is good enough for the purpose of characterization. Of course, the rationality is also needed.
The paper is organized as follows. We review the modular invariance results from [41] and [21] in Section 2. These results will be used to conclude that V A 4 L 2 and an abstract vertex operator algebra V satisfying certain conditions have the same graded dimensions. We also review the fusion rules for the vertex operator algebra L(1, 0) from [35] and [12] in this section. In Sections 3 we discuss the structure of V . That is, if a rational, C 2 -cofinite and self-dual vertex operator algebra V of central charge 1 satisfies (a) V is a completely reducible module for the Virasoro algebra, (b) V has a primary vector of weight 9 and the weight of any primary vector whose weight is greater than 0 is greater than or equal to 9, then V is isomorphic to V 
Preliminaries
Let V = (V, Y, 1, ω) be a vertex operator algebra [7] , [28] . We review various notions of V -modules (cf. [28] , [41] , [19] ) and the definition of rational vertex operator algebras. We also discuss some consequences following [20] , [32] , [21] , [13] . Definition 2.1. A weak V module is a vector space M equipped with a linear map
satisfying the following: 1) v n w = 0 for n >> 0 where
3) The Jacobi identity holds:
2. An admissible V module is a weak V module which carries a Z + -grading
3. An ordinary V module is a weak V module which carries a C-grading M = λ∈C M λ , such that: We call a vertex operator algebra rational if the admissible module category is semisimple. We have the following result from [20] (also see [41] Suppose that V is a rational vertex operator algebra and let M 1 , ..., M k be the irreducible modules such that 
converges to a holomorphic function on 0 < |q| < 1 [41] . Let q = e 2πiτ and we sometimes also write Z i (q) by Z i (τ ) to indicate that Z i (q) is a holomorphic function on the upper half plane.
For a V -module W , let W ′ denote the graded dual of W . Then W ′ is also a V -module [27] . A vertex operator algebra V is called self dual if V ′ [27] is isomorphic to itself. The following result comes from [21] Theorem 2.6. Let V be a rational, C 2 -cofinite, self dual simple vertex operator algebra.
(1) Each Z i (τ ) is a modular function on a congruence subgroup of SL 2 (Z) of level n which is the smallest positive integer such that n(λ i − c/24) is an integer for all i.
We now recall the construction of vertex operator algebras M(1) + , V + L and related results from [1] , [2] , [4], [5] , [24] , [25] , [26] , [17] , [28] .
Let L = Zα be a positive definite lattice with (α, α) = 2k for some positive integer k. 
λ and K · e λ = e λ for m ≥ 0. Consider the induced module
Then there exists a linear map Y :
is a simple vertex operator algebra and M(1, λ) is an irreducible M(1)-module for any λ ∈ h (see [28] ). The vacuum vector and the Virasoro element are given by 1 = e 0 and ω = 1 4k
is the lattice vertex operator algebra associated to
where n j > 0 and β ∈ L. In particular, θ is an automorphism of V L which induces an automorphism of M(1).
L is a simple vertex operator algebra. The θ-twisted Heisenberg algebra h[−1] and its irreducible module M(1)(θ) from [28] are also needed. Define a character χ s of L/2L such that χ s (α) = (−1) s for s = 0, 1 and let
+ Z + and t ∈ T χs . We denote the ±1-eigenspaces of M(1)(θ) and V
The classification of irreducible modules for arbitrary M(1)
+ and V + L are obtained in [24] - [26] and [4] . The rationality of V + L is established in [2] for rank one lattice and [17] in general. One can find the following results from these papers.
Theorem 2.7. (1) Any irreducible module for the vertex operator algebra M(1)
+ is isomorphic to one of the following modules:
(2) Any irreducible V + L -module is isomorphic to one of the following modules:
The following characterization of V + L is given in [13] and [14].
Theorem 2.8. Let V be a simple, rational and C 2 -cofinite self-dual vertex operator algebra such that V is generated by highest vectors of the Virasoro algebra L(1, 0) withc = c = 1
Then V is isomorphic to V + Zα for some rank one positive definite even lattice L = Zα. We will need the following result from [32] . By Theorems 2.6 we know that the assumptions in Theorem 2.9 hold. So the qcharacter of a rational vertex operator algebra with c = 1 is known.
Recall from [27] the fusion rules of vertex operator algebras. Let V be a vertex operator algebra, and W i (i = 1, 2, 3) be ordinary V -modules. We denote by I V W 
Here are some results on the fusion rules for the Virasoro vertex operator algebra. Recall that L(c, h) is the irreducible highest weight module for the Virasoro algebra with central charge c and highest weight h for c, h ∈ C. It is well known that L(c, 0) is a vertex operator algebra [29] . The following two results can be found in [35] and [12] .
Let L 2 = Zα be the rank one positive-definite lattice such that (α, α) = 2. Then (V L 2 ) 1 is a Lie algebra isomorphic to sl 2 (C) and has an orthonormal basis:
There are three involutions τ i ∈ Aut(V L 2 ), i = 1, 2, 3 be such that
There is also an order 3 automorphism σ ∈ Aut(V L 2 ) defined by
It is easy to see that σ and τ i , i = 1, 2, 3 generate a finite subgroup of Aut(V L 2 ) isomorphic to the alternating group A 4 . We simply denote this subgroup by A 4 . It is easy to check that the subgroup K generated by τ i , i = 1, 2, 3 is a normal subgroup of A 4 of order 4. Let 
Clearly, σ preserves the subspace of (V + Zβ ) 4 spanned by J and E. It is easy to check that
where
This implies that (V 0) is the vertex operator subalgebra of V Zβ generated by ω. It follows from [10] that
as a module for L(1, 0), where a n is the multiplicity of L(1, n
We sometimes also call a highest weight vector for the Virasoro algebra a primary vector. From [10] we know that V + Zβ contains two linearly independent primary vectors J and E of weight 4 and one linearly independent primary vector of weight 9. Note from [15] that
[14]). By Theorem 2.11 and Lemma 3.1, we have for n ∈ Z
The following lemma comes from [15].
Lemma 3.2. The vector
is a non-zero primary vector of V + Zβ of weight 9.
By Lemma 3.1, we have 
is linearly spanned by
is C 2 -cofinite and rational.
In this section, we will give a characterization of the rational vertex operator algebra V
For this purpose we assume the following:
(A) V is a simple, C 2 -cofinite rational CFT type and self-dual vertex operator algebra of central charge 1; (B) V is a sum of irreducible modules for the Virasoro algebra; (C) There is a primary vector of weight 9 and the weight of any primary vector whose weight is greater than 0 is greater than or equal to 9.
Obviously, V For short, let
and V 2 be an arbitrary vertex operator algebra satisfying (A)-(C). We will prove that V 1 and V 2 are isomorphic vertex operator algebras. Since V 1 and V 2 have the same q-character, it follows from the assumption that V 1 and V 2 are isomorphic modules for the Virasoro algebra. Let x i be a non-zero weight 9 primary vectors in V i , i = 1, 2 such that
, there is only one linearly independent primary elements of weight 16 in
16 be linearly independent primary vectors in
Lemma 4.1. There is no non-zero primary vector of weight 25 in both V
Let V (i,9) be the L(1, 0)-submodule of V i generated by x i and V (i,16) the L(1, 0)-submodule of V i generated by y i , i = 1, 2. We may identify the Virasoro vertex operator subalgebra L(1, 0) both in V 1 and
be an L(1, 0)-module isomorphism such that
for u, v ∈ V (1,9) be the intertwining operator of type
, and I 0 (φu, z)φv = Q 0 • Y (φu, z)φv for u, v ∈ V 1 be the intertwining operator of type
, where P 0 , Q 0 are the projections of V 1 and V 2 to L(1, 0) respectively. By (4.1), we have 16) be the intertwining operator of type
, and
, where P 1 , Q 1 are the projections of V 1 and V 2 to L(1, 0) respectively. By (4.2), we have 9) be the intertwining operator of type
, and 16) , we may identify V (1,9) with V (2,9) and V (1,16) with V (2,16) through φ. So both I 1 (u, z)v and I 1 (φu, z)φv for u ∈ V (1, 16) , v ∈ V (9) are intertwining operators of type 16) L(1, 9) .
for some ǫ ∈ C. By Theorem 2.11 and (4.1), we have (y
On the other hand, we have
Then by Theorem 2.11 , Lemma 4.1 and (4.5),
So we have ǫ 2 = 1. If ǫ = 1, then the lemma holds. If ǫ = −1, replacing y 2 by −y 2 , then we get the lemma.
Let 9) be the intertwining operator of type
, and 9) be the intertwining operator of type
, where P 3 , Q 3 are the projections of V 1 and V 2 to V (1, 16) and V (2, 16) respectively. Then we have the following lemma.
Proof: Note that both I 3 (u, z)v and I 3 (φu, z)φv for u, v ∈ V (1,9) are intertwining operators of type 9) L(1, 9) .
for some ǫ ∈ C. By Theorem 2.11 and (4.3), we have
where u ∈ L(1, 0) and a 1 , a 2 ∈ C. By (4.6),
Then by Theorem 2.11, we have
for some v ∈ L(1, 0). Notice that
By (4.5)-(4.9), (x
By Lemma 4.3, φ(y
This together with (4.10) deduces that ǫ = 1. Let By Lemma 4.3 and (4.7), we have
where u and a 1 are as in (4.7). Notice that
Then by Lemma 4.3, Lemma 4.2, and the skew-symmetry property of vertex operator algebras, we have
This together with (4.11) deduces that φ(y 
Recall from Theorem 3.3 that V 1 is generated by x 1 and V 1 is linearly spanned by
where x 1 , y 1 are the same as above and v, u
and has a similar spanning set.
Proof: Without loss, we may assume that u is a linear combination of homogeneous elements with same weight. Suppose that u = 0. Since V 1 is self-dual and generated by
We only show (4.14) as the proof for (4.13) is similar and simpler. We may assume that
We prove (4.14) by induction on wt
So by inductive assumption, (4.14) holds. If s = 0, then
Since k p ≥ 2, by inductive assumption, (4.14) holds if
j of the same weight where n 1 ≤ · · · ≤ n µ and all n t are nonzero. By induction assumption we know that
Also by Proposition 4.5, relation (4.11), the fact that x i are highest weight vectors for the Virasoro algebra with the same weight, and the invariant properties of the bilinear forms,
So the claim is proved. By the claim and (4.12), we have
which contradicts the assumption that u ′ = 0. Let U 2 be the subalgebra of V 2 generated by x 2 and y 2 . By Theorem 3.3 and Lemma 4.6, for every n ≥ 0, dim
So we have the following corollary which is essentially the V 2 version of Theorem 3.3.
Theorem 4.8. If a vertex operator algebra V satisfies the conditions (A)-(C), then
satisfying (A)-(C). So it suffices to show that φ is a vertex operator algebra automorphism from
, where m i , q j ∈ Z, i = 1, 2, · · · , p s , j = 1, 2, · · · , t. We need to show that for any n ∈ Z, φ(u
. Note from Theorem 2.11 that for 9) . Since for any p, q ∈ Z,
Then by Lemma 4.5, it is easy to see that for any fixed n ∈ Z,
for some k, l ≥ 1, s i , t i , p i ≥ 0, m i1 , · · · , m is i , n j1 , · · · , n jt j , r j1 , · · · , r jp j ∈ Z + , n i ∈ Z, u i1 , · · · , u ip i , u i ∈ {x 1 , y 1 }, i = 1, 2, · · · , k, j = 1, 2, · · · , l, then
The proof is complete. , preprint.
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